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The Fourier transform of generalized parton distribution functions at § = describes 
the distribution of partons in the transverse plane. The physical significance of these 
impact parameter dependent parton distribution functions is discussed. In particular, it 
is shown that they satisfy positivity constraints which justify their physical interpretation 
as a probability density. The generalized parton distribution H is related to the impact 
parameter distribution of unpolarized quarks for an unpolarized nucleon, H is related to 
the distribution of longitudinally polarized quarks in a longitudinally polarized nucleon, 
and E is related to the distortion of the unpolarized quark distribution in the transverse 
plane when the nucleon has transverse polarization. The magnitude of the resulting 
transverse flavor dipole moment can be related to the anomalous magnetic moment for 
that flavor in a model independent way. 
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1. Introduction 

Deep-inelastic scattering (DIS) experiments have not only played a crucial role in 
establishing QCD as a theory of strong interactions but have also been an important 
tool for exploring the quark-gluon structure of hadrons. In the Bjorken scaling 
limit these experiments allow probing parton distribution functions (PDFs), which 
have a very physical interpretation as the (probability) density for finding partons 
carrying the fraction x of the target's total momentum in the infinite momentum 
(or light-cone) frame. In particular, due to the probabilistic interpretation of PDFs, 
results from DIS experiments have contributed substantially to our present intuitive 
understanding of the quark gluon structure of hadrons. 

PDFs are defined as the forward matrix element of a light-like correlation func- 
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2 Matthias Burkardt 



tion, i.e. 



— (P, — , 0^)7+?( — , 0^)|F, S) 

Ag(x)5+=P+|^(P,5|g-(-^,0j.)7+75g(^,0^)|P,5)e"P"-". 

(1) 

Throughout this work, we wiU use hght-cone gauge — 0. In aU other gauges, a 
straight hne gauge string connecting the quark field operators needs to be included 
in this definition (|l|). When sandwiched between states with the same light-cone 
momentum p+ , the operator 

6,{x,0^)^ l^qi-^,0^)j+q{^,0^)e^^P^^- (2) 

in Eq. (|l|) has the effect of filtering out (the light-cone 'good' component of) quark 
fields with momentum fraction x, which is why PDFs 'measure' the light-cone 
momentum density of the quarks. 

More recently, generalized parton distributions (GPDs) i have attracted a con- 
siderable amount of interest (for a recent review, see for example Ref. a), since it 
has been pointed out that on the one hand GPDs can be related to the total angu- 
lar momentum carried by quarks in the nucleon and on the other hand they play 
an important role in deeply virtual Compton scattering experiments u. GPDs are 
defined as matrix elements of the same operator that is used to define conventional 
PDFs, except that GPDs are defined as transition matrix elements between states 
with different momenta (and perhaps also different spins) 



J ^ (P', S'\q{~^,0^h+qi^,0^)\P, S)e 



= ^"(P'' (l^H,{x, t) + i^^^E,{x, ^, t) j u{p, s) (3) 
y'^(P',5'k-(-^,0^)7+759(^,0^)|P5)e"^-"-" 

= ^^(P'' (7+75i?«(x, 1 1) + ^^^E{x, i, t)^ u{p, s) (4) 

with p'^ — ^ (p^ + p''^) being the mean momentum of the target, = p'^ — p^ 
the four momentum transfer, and t = the invariant momentum transfer. The 
skewedness parameter ^ = — quantifies the change in light-cone momentum. 

GPDs allow for a unified description of a number of hadronic properties u; for 
example: 

1. In the forward limit they reduce to conventional PDFs 

Hq{x,Q,Q) = q{x) 

Hg{x,0,0) ^ Aq{x). (5) 
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2. When one integrates GPDs over x they reduce to the usual form factors, 
e.g. the Dirac form factors^ 

Y^eq I dxHgix,C,t)=Fiit) 

Y,e, f dxE,ix,^,t) ^ F2{t), (6) 
q •' 

3. Similar relations exist for the so called 'generalized form factors' 

/ —H,{xM ^ Rv{t) 

q J ^ 

/dx 
—E,{x,0,t)^Rv{t) 

q ^ 

Y^e^ f —HqixAt) ^ RA{t) 

-^Eq{x,0,t) ^ Rp{t), (7) 



which play a role in (real) wide angle Compton scattering I 
4. And integrals like 



Hq{^,t)= J ^dxHg{x,^,t) (^—^^ 



1 



ie X — ^ + 2£ 



describe the 
scaling limit 



(8) 

eeply virtual Compton scattering amplitude in the Bjorken 



Even though the abovementioned experiments provide only an indirect measure- 
ment of GPDs in the form of integrals (with the exception of the forward limit 
of GPDs, which is measured in DIS), it is clear that GPDs parameterize many 
hadronic property at the same time. The fact that they are connected to so many 
measurable quantities is not only the reason why they are of such central impor- 
tance for hadron structure but at they same time provides a realistic hope that 
a combination of data from different classes of experiments together with enough 
theoretical constraints will eventually suffice to pin down these observables. 

However, even though GPDs are such important observables, their physical 
interpretation is still rather obscure: since the initial and final states in Eqs. (^ 
P are not the same, GPDs in general do not have an immediate probabilistic 
interpretation as a density, which has made it very difficult to develop a simple 
physical interpretation for these observables. 



^Note that the deoendence on the longitudinal momentum transfer drops out due to Lorentz 
invariance in Eq. (m). 
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Eq. already points towards a very interesting connection between form fac- 
tors and GPDs in the sense that GPDs provide a decomposition of the form factor 
with respect to the mean longitudinal momentum fraction x = (fe^ + k^')/2P~^ of 
the active quark, i.e. GPDs allow to determine how much quarks with a specific 
momentum fraction x contribute to the form factor and therefore GPDs provide 
a (light-cone) momentum decomposition of the form factor. Therefore, it should 
be clear that knowledge of GPDs should be able to discriminate between different 
mechanisms for form factors at large momentum transfer. 

However, there is an even more important analogy between form factors and 
GPDs: the form-factor, i.e. the non-forward matrix element of the current opera- 
tor, describes how the charge (i.e. the forward matrix element of the same operator) 
is distributed in position space. ^ GPDs are the off-forward matrix elements of the 
operator Oq{x,Q\^ [Eq. (||)]. The forward matrix elements of Og(x, 0^) yield the 
usual PDFs. By analogy with form factors one would therefore expect that GPDs 
contain information about how the usual PDFs (the forward matrix elements) are 
distributed in position space B (Table |l|) . The mere fact that some kind of connec- 

Table 1. Comparison between forward and off-forward matrix elements of the current 
operator as well as the operator that probes parton distribution functions. By analogy 
with form factors, one expects that GPDs contain information about how PDFs (the 
corresponding forward matrix elements) are distributed in position space. 



Operator 


forward matrix 


off-forward 


position space 




element 


matrix element 


interpretation 


q-y+q 


Q 


Fit) 


p{r) 




q(x) 


Hq{x,0,t) 


g(a;, bx) 



tion between transverse positions of partons and the Fourier transform of GPDs 
with respect to the transverse momentum transfer might exist is evident. However, 
what is less obvious are important issues such as 'what exactly does one mean by 
the distribution of partons in the transverse plane', 'how is that transverse distri- 
bution related to GPDs', 'what are the limitations and corrections (e.g. relativistic 
corrections) to this position space interpretation', 'is there a strict probability in- 
terpretation', and 'what is the role of polarization'. The rest of the paper will be 
devoted to discussing this connection and and illustrating its consequences. Before 
doing so, it is worthwhile to discuss what kind of result one may anticipate. First of 
all, since a measurement of a parton distribution corresponds to a measurement of 
the momentum component of partons in the direction of the target's momentum. 
Because of the Heisenberg uncertainty principle, one should therefore not expect to 



''Strictly speaking this is of course only true nonrelativistically as well as in specific frames (e.g. 

Breit frame), but this does not matter here since we use the connection F(t) < > p(r) here only 

as a motivation. 
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be able to measure the 'longitudinal' position of partons. Measuring the transverse 
position simultaneously with the longitudinal momentum is not ruled out by the 
uncertainty principle, and therefore at the very best what one might expect to able 
to determine is the distribution of partons in the transverse plane. For this purpose, 
we will start out in the following by defining what we mean by impact parameter 
dependent parton distributions and then establish their connection to GPDs. 



2. Impact Parameter Dependent Parton Distribution 

In the case of nonrelativistic form factors, before one can introduce the notion of a 
charge distribution in position space, it is necessary to localize the target, e.g. by 
working in the center of mass frame. If one wants to talk about the distribution of 
partons in position space then 

In order to be able to define impact parameter dependent PDFs one first needs 
to localize the nucleon in the transverse direction. For this purpose we introduce ^ 



where |p+ , px , A) arc light-cone hclicity eigenstates (see Appendix Ap ) and A/" is a 
normalization factor satisfying \Af\^ J ~ ^- This state is localized in the sense 
that its transverse center of momentum il± is at the origin. For a state with total 
momentum p+ the transverse center of momentum is defined as 

1 



dx d xx6 xj^. 



(10) 



where Q'^'^ is the energy momentum tensor (Appendix A). For practical purposes 
the intuitive parton representation for Rx is very useful 



(11) 



The summation in Eq. ( |ll| ) is over all partons in the hadron and Xi is the momentum 
fraction carried by the i*^ partons in the infinite momentum frame. In summary, 
|p+,R^ = Oj^jA) is a simultaneous eigenstate of p^, Rj^ and J^, with eigenvalues 
p^, 0^ and A respectively. 

Working with this localized state is very similar to working in the center of 
mass frame in nonrelativistic physics. The main difference being the weight factors, 
which are the mass fractions in the case of the nonrelativistic center of mass become 
momentum fractions in the transverse center of momentum. This is related to the 
properties of the Galilean subgroup of transverse boosts in the infinite momentum 



frame (Appendix A) 



'^Strictly speaking, we should work with wave packets here in order to avoid states that are 
normalized to S functions. This has been done in Ref. Q and will not be repeated here because it 
makes the reasoning much more lengthy and less transparent. 
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For such a transversely localized state, one can define an impact parameter 
dependent PDF, via 

bi) = R± = 0^, A| 6q{x, bi) R± = 0^, A) , (12) 

where Oq{x, is obtained by a translation of Eq. ^ in the transverse plane, i.e. 

6,(x,b^) = j ^,-(^-^,b^)7+g(^,b^)e"^"^^ (13) 

In gauges other than light cone gauge, a straight line gauge string connecting the 
points (^|— , b^) and (^, b^) needs to be inserted in Eqs. (^ and (p^). 



In Section 2.2 we will show that these impact parameter dependent parton dis- 
tributions satisfy positivity constraints which justifies a probabilistic interpretation. 
However, before that we will establish the connection between impact parameter 
dependent parton distributions and GPDs. 

One may be tempted to expect a connection between impact parameter depen- 
dent PDFs, which are densities in transverse position space, and so called unin- 
tegrated parton densities f(x,\<.±)^ which are densities in transverse momentum 
space. Even though there exist some inequalities, similar to the Heisenberg in- 
equality, relating the width in transverse position space to the width in transverse 
momentum space, no direct connection exists between the two, unless one makes 
specific assumptions about the functional form of the hadron wave function. Strictly 
speaking, there just is no direct connection between momentum densities and posi- 
tion space densities in a many particle system and therefore there is also no direct 
connection between /(xjk^) and q{x,h±). 



2.1. Impact Parameter Dependent PDFs and GPDs 

In the following, we will focus on the case of purely transverse momentum transfer 
A+ = i.e. ^ = 0. Furthermore, we will start out by considering GPDs without 
helicity flip where only H contributes in Eq. Using u{p')j^u{p) = 2p+ when 
p''^ = p+ one thus finds 

I ^(F',Ak-(-^,0x)7+g(^,0^)|P,A)e"P^-- =il,(x,i), (14) 

where we introduced the shorthand notation Hq{x, t) = Hq{x, 0, t). 

In order to illustrate the physics of Hq{x,t), we take the definition of impact 
parameter dependent PDFs and expand the definition of the nucleon state in the 
center of momentum frame Rx ~ 0^, A) in a plane wave basis 

q{x, bi) = {p+, Rx = Ox, A| dq{x, bx) \p+, Rx = Oi, A) (15) 




Note that for unpolarized parton distributions, it is irrelevant whether A =f or A =J, in Eq. (|l2[ 



1, 2008 18:43 WSPC/Guidelines-IJMPA gpda 



Impact Parameter Space Interpretation for Generalized Parton Distributions 7 

where the phase factor in the last step is due to the transverse translation, i.e. 
(p+ p'^|0,(x,bi)|p+ Pi) = {p+,p'^\d,{x,0^)\p+,p^) e»b^-(P^-Pl). The kind of 
matrix elements that appear in Eq. ( p^ are identical to matrix elements that appear 
in the definition of Hq{x,0,t). Combining Eqs. ( p^ ) and one thus finds 

= / ^H,{x,-Al)e-'^^--^-, (16) 

where we switched in the last step to total and relative transverse momentum, i.e. 
/ (fp± J d'^p'^ = J d'^A± J d'^p^ , with p± = 5 (p± + p'^) and = p'^ - p^, 
and used the fact that Hq did not depend on p±^ 

This proves that the impact parameter dependent PDF defined in Eq. ( |l2| ) is the 
Fourier transform of Hq{x, — A^), i.e. if one knows Hq{x, — A^) one can determine 
the distribution of partons simultaneously as a function of the light-cone momentum 
fraction x and the distance b from the transverse center of momentum.^ This very 
important result was already obtained in Ref. i, where it was shown that working 
with wave packets in ± momentum space, i.e. replacing / d^pj_ by / d^pj.V'lPJ-), 
where V'(PJ-) is a slowly varying function of pj_ that is taken to be a constant 
towards the end of the calculation, does not change the final result. |^ It only leads 
to much more compliiiated intermediate expressions. Here we followed a much more 
simplified derivationty using non-normalizable states in order to better illustrate the 
physics of the result. 

As a side remark, it should be emphasized that the interpretation of the Fourier 
transform of form factors as charge densities is, in the rest frame, spoiled by rel- 
ativistic normalization factors as well as the effect of Lorentz contraction. It is 
also well known that these relativistic corrections are not present in special frames, 
such as for example the Breit frame. Our derivation above shows that such cor- 
rections not present in the infinite momentum frame either, i.e. the identification 
of the Fourier transform of Hq{x, 0, — A^) w.r.t. A as a distribution of partons in 
transverse position space is not limited by relativistic effects. As a corollary, since 
J2q^ql dxHq{x,0, —A.^) = A^), this means that the Fourier transform of 

_F'i(— A^) can be interpreted as the charge distribution in the infinite momentum 



''Note that the last property, i.e. the fact that Hq{x,0, —^^) does not depend on px (which 
reflects the Galilei invariance under ± boosts in the IMF), is one of the crucial ingredients of our 
derivation! 

^If one includes a factor (1 — x) in the exponent of the Fourier transform in Eq. (|l^), one obtains 
the distribution not as a function of the distance of the active quark from the CM of the whole 
hadron but as a function of the distancanto the CM of the spectators. 
^This result was also conflrmed in Ref. H, where Gaussian wave packets were used. 
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frame as a function of the transverse distance from the (transverse) center of mo- 
mentum. This interpretation, together with the observation that this interpretation 
is not spoiled by relativistic corrections, are both surprisingly little known results. 



2.2. Density Interpretation for Impact Parameter Dependent 
Parton Distributions 

In this section, we will show that g(x,bj^) satisfies positivity constraints, which 
allows one to associate a probabilistic interpretation. For this purpose we note 
that only the projection on the 'good' quark field component = ^7 7~'''0 

contributes in twist-2 matrix elements, i.e. ■0'7~'"i/' = '0(+)7"'''0(+)- 

When one quantizes fermions on the light-cone (or in the infinite momentum 
frame) only this 'good' component is dynamical and an expansion in terms of 
canonical raising and lowering operators reads til 

V^(+)(x-,xx)= ^|=p y^E. h+)(fc,.)&.(fc+k^)e-^'=- 

+^;(+)(fc,s)4(fc+,k^)e^'=-], (17) 

where h and d satisfy the usual (canonical) equal light-cone time anti-commutation 
relations, e.g. 

{W{k+,ln_),b\{q+,Cii_)} =5{k+-q+)5{]^^-Ci^)5rs (18) 

and the normalization of the spinors is such that 

U(+){p,r)-i'^U(j^){p,s) = 2p+6rs- (19) 

An explicit representation for these spinors can be found in Ref. 0. We now insert 
these expansions into our definition of q(x,h±). Using U(^^){p' ,r)^^U(^_^^■^{p, s) = 
2p'^Srs, when p+ = p+ , one finds for a; > 







2tt ^ 


1 27r 



(p+,Ri = Oi,A| bl{xp+,-k'^)bs{xp+,k^) |p+,Ri =0±,X)- (20) 

Note that we made use of the fact that the states that appear in the 'initial' and 
'final' states of Eq. (|^ have the same p~^ and therefore both the fc+ of the lowering 
and the raising operator must be the same (i.e. both are equal to xp'^), which allows 
one to replace in the matrix element 

1^9(0- b^)7+g(x-,b^)e""^''-^ J\f' b\xp+ ,h^)b{xp+ ,h^), (21) 

where Af' is a constant, which is, in the infinite volume proportional to 6(0). For 
a; < one finds a similar expression with blbg replaced by —dsd].. 



'^The 'bad' component = §7^7 ^ satisfies a constraint equation. 
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In order to simplify these expressions further, we introduce a 'hybrid' represen- 
tation, with field operators that are labeled by _L position space and longitudinal 
momentum space variables, i.e. we introduce 

&(fc+,x^)^y'^6(fc+,kx)e^'^— (22) 

and likewise for d) . Inserting b into Eq. ( pO| ) one easily finds 

S 

= \bs{xp+,hi_) |p+,Ri = Oi, A)|' > 0, (23) 

S 

for X <{]. Similarly, one finds for x <{) 

Q(x,b^)^-^|dl(a;p+,b^)|p+,R^ = 0^,A) '<0. (24) 



These results were first shown in Ref. and confirmed in Ref. i. 

Because of these positivity (negativity) constraints, it is legitimate to associate 
the physical interpretation of a probability density distribution with the impact pa- 
rameter dependent parton distribution q{x, bj^). The fact that the impact parame- 
ter dependent parton distributions have a density interpretation is very important 
because it shows that they have a physical significance beyond being the Fourier 
transforms of GPDs! 



2.3. Modeling Impact Parameter Dependent Parton Distributions 

GPDs cannot be uniquely determined from Compton scattering experiments alone, 
where they appear in the integrand of convolution integrals. Until sufficient con- 
straints from theory and/or other experiments exist, that allow one to pin down 
GPDs uniquely, one may still attempt to extract GPDs from (virtual) Compton 
scattering data by making a physically motivated ansatz for the GPDs, where the 
free parameters in the ansatz are determined by fitting to the data. Since such a 
procedure is clearly model dependent, it is desirable to use as many general the- 
oretical constraints as possible in order to minimize the dependence on specific 
model features. The results from this paper can be used to provide some general 
theoretical constraints as we will discuss in the following. 

First of all, in order to be consistent with the above positivity constraints [(|2^) 
and (p^j, all realistic Ansatze for Hq{x,0,t) should satisfy 

y d^A^e-'^^-^^Hq{x, 0, -Ai) > for a; > 

J d^A^e-'^^-^^Hg{x,0,-Al) <0 for a; < (25) 

for any value of b^ and any value of x. Of course, many Ansatze, especially those 
with a Gaussian t dependence, are already consistent with these new constraints. 
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However, additional constraints arise due to the fact that GPDs can be linked to 
impact parameter dependent PDFs. 

First of all, the mere fact that the impact parameter dependent PDFs are mea- 
sured with respect to the transverse center of momentum = implies 
that Hq{x,0,t) should become independent as x — > 1. The reason for this be- 
havior is very simple: the transverse center of momentum of a hadron is defined 
as the weighted average of transverse positions of all partons in the hadron, where 
the weight factors are the momentum fractions carried by each parton. Since x 
in Hq(x,0^t) is the momentum fraction carried by the active quark, this active 
quark carries all the momentum of the hadron when one takes a; — > 1 and therefore 
the contribution from all partons other than the active quark in Eq. ( pi] ) becomes 
negligible. Hence the active quark is always very close to the transverse center of 
momentum when a; — > 1 and the impact parameter dependent PDF q{x,hj_) has a 
very peaked 'transverse profile' in this limit. More precisely, the transverse width 
of the impact parameter dependent PDF 

J d^b^g(a;,b_L) 

should vanish as a; ^ 1. [| Thus Hq{x,0, (being the Fourier transform of 

q{x,h±)) should become independent of as a; — > 1. We should emphasize that 
this behavior is consistent with the 'Feynman picture' for hadron form factors near 
a; = 1 t3. In this picture, configurations where one parton carries a; « 1 and all 
others are 'wee' can be easily scattered elastically (by striking the parton with 
X ~ 1) since the wee partons do not have a direction and thus can be easily 'turned 
around'. Therefore, in the Feynman picture, contributions to the form factor where 
the active quark carries a larger fraction of the hadron's total momentum tend to 
have a weaker t dependence. 

The constraint that Hq{x, 0, t) should become t independent as a; — + 1 rules out 
factorized Ansatze of the form 



Hq{x,0,t)=qix)-F{t), (27) 

since they do not become t independent near a; = 1. 

The position space interpretation of GPDs also allows one to put constraints 
on the behavior near a; = 0. Space time descriptions of hadron structure ^ suggest 
that the transverse size of hadrons should grow like o; In ^ near a; = 0, where a is 
some constant. In fact, a more rapid growth (e.g. power law) of the transverse size 
for a; — > would also lead to power law growth of total cross sections and would 
therefore lead to violations of unitarity bounds. 

Because of the connection between the transverse size and the slope of Hq{x,0,t), 



'This is very similar to _B-mesons, where the b quark does not recoil very much and therefore has 
a very localized distribution in position space. 
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this result implies for example that an ansatz like 

iI,(x,0,-Ai) = g(a;)e-'^^l^, (28) 

is inconsistent with abovemcntioncd constraints about the transverse size of hadrons 
near a: = 0. | 

An improved Gaussian ansatz for Hq{x, 0, — A^), which is consistent with both 
the a; — + 1 and x — > constraints, is given by 

i7,(a;,0,-Ai) = g(x)e-'^^i'"^ (29) 

or 

i?,(x,0,-Ai) = g(x)e-'^^-(i--)"^4. (30) 

The latter ansatz yields at the same time an asymptotic form factor that is consis- 
tent with quark counting: if the end-point behavior of the PDF is taken such that 
q{x) ~ (1 — x)^"=~^ near x = 1 then the large power law behavior of the form 
factor is F(Q2)^ (^)"'- 

Although the above discussion may appear purely academic at the present stage, 
where very little information on GPDs exists, it may still have some phenomeno- 
logical significance because in Compton scattering the contributions from the small 
X region are enhanced due to the factor 1/x (|^). The ansatz in Eq. ( |28| ) leads to 
a much more rapid suppression of contributions from the small x region at larger 
values oft than a logarithmic dependence on x in the exponent [Eqs. ( p9[ ) and (pO|)]. 

In order to gain some intuitive understanding about the behavior of impact pa- 
rameter dependent parton distributions, we transform Eq. (|30| ) to impact parameter 
space, where we find 



The result, which is depicted in Fig. |l|, exhibits the general features that we de- 
scribed above. First, there is a general decrease in magnitude with increasing x, 
which arises mostly due to the decrease of q{x). Furthermore, one can also a notice 
a decreasing transverse width of the distribution q{x,h±) as x increases, which is 
in accord with our general prediction. For a; — > 1 the transverse width goes to zero. 



3. Nucleon Helicity Flip Distributions 

So far we have considered only two out of eight GPDs El. In order to investigate 
the interpretation of the other six GPDs, it is necessary to consider amplitudes 

JQf course, for intermediate and large values of x, this ansatz may nevertheless be a useful approx- 
imation to the actual behavior and this ansatz also satisfies our above constraint that Hq{x,0,t) 
should become t independent near x = 1. 
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Fig. 1. Impact parameter dependent parton distribution u{x,h^^ for the simple model 

where either the nucleon or quark heUcity (or both) flip, which makes it much 
more difficult to develop a probabilistic interpretation. Therefore, we focus here 
on i?(a;,0,f), which appears in amphtudes where the nucleon hehcity flips and the 
quark helicity does not flip 

d^^^r>^.-. (p + A, (0) (^-) I P, I) ^ -^l-^E{x, 0, - Ai)(32) 

For a probabilistic interpretation, it is necessary to consider amplitudes where the 
initial and final states are the same. Since E{x,0,t) does not contribute when the 
initial and final state have the same hehcity, we will now consider a state that is a 
superposition of (transversely localized) nucleon states with opposite helicities. For 
brevity, we will denote this state as \X), i.e. 

\X) = -i= (|p+, R± = Oi, T) + R± = Oi, i)) . (33) 

It is tempting to interpret this state as a state that is polarized in the x direction 
and if we were dealing with a nonrelativistic system this would certainly be the 
case. However, for relativistic systems, spins are not invariant under boosts and 
one has to be careful here with such an interpretation. Nevertheless, let us proceed 
here and study the (unpolarizcd) impact parameter dependent PDF in this state 

qxix,h^)= {X\d,{x,h^)\X) (34) 

A,, 



(2^) 



H,ix, 0, - Al) + ^^E,{x, 0, - Al) 
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a 



b) 




Fig. 2. Comparison of a non-rotating sphere that moves in the z direction with a sphere that 
spins at the same time around the z axis and a sphere that spins around the x axis When 
the sphere spins around the x axis, the rotation changes the distribution of momenta in the z 
direction (adds/subtracts to velocity for y > and y < respectively). For the nucleon the 
resulting modification of the (unpolarized) momentum distribution is described by E{x,0,t). 

1 d 

= q{x,h±) - ——£q{x,hj_), (35) 
where we denoted the Fourier transform of E{x, 0, — A^) by £{x, h±), i.e. 



£,{x, b^) ^ J r_=±e-'^^-''-i?,(x, 0, -Ai). (36) 

The physical significance of £{x, h±) is as fohows. First, integration over both x and 
yields the contribution from quark flavor q to the anomalous magnetic moment 

J dxj d^h^£g{x,h^) = F2,g{0) = Kg. (37) 



Secondly, Eq. (34) describes the transverse distortion of the unpolarized impact 
parameter dependent PDF if the state is not polarized in the ±z direction but 
rather in a transverse direction. The physics of this result can be illustrated by 
some classical example (Fig. ||) Consider a sphere that moves in the z direction. The 
analog of PDFs in this example are the distributions of momenta in the z direction 
from particles on the sphere as seen by an observer at rest. The distribution of 
these momenta in the transverse plane is the same regardless whether the sphere 
is nonrotating or spinning around the z axis (in either direction) because spinning 
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around the z axis does not modify the momenta in the z direction.^ However, if the 
sphere spins around the x-axis while stih moving along the z-axis, the longitudinal 
momentum distribution of particles on the sphere as seen by an observer at rest 
changes dependent on the transverse position of the observer since on one side of 
the z axis the rotational motion adds to the translatory motion and on the other 
side it subtracts. 

Of course, the nucleon is not just a rotating sphere but this simple example 
illustrate the physics of why the parton distribution in the transverse plane gets 
distorted and is no longer invariant under rotations around the z-axis when the nu- 
cleon is not longitudinally polarized. And in the nucleon it is the Fourier transform 
of i?(x,0, — A^), which describes this distortion. 

The second moment of qxix, bj_), i.e. J^^ dxxqx{x. b^), is of particular interest 
since it describes how the momentum is distributed in the transverse plane 



.1 nl Q nl 

I dxxqx{x,h±^ = I dxxq{x,h±) — —— / dxx£q{x,h±), 

J^l J -I C)Ox J_l 



(38) 



i.e. the second moment oi£q describes how the distribution of momentum carried by 
quarks of flavor q in the transverse plane changes when the nucleon is not polarized 
in the z direction. In particular, the contribution from flavor q to the transverse 
center of momentum in the "transversely polarized" state \X) is shifted away from 
the origin by 

j dx j d'^h±byxqx{x,h±) ^ - J dx J d^h±byX-^-^£q{x,h±) 



1 

— j ^dxxEq{x,0,0). (39) 



2M 

Therefore, the second moment of Eq{x, 0, 0) describes, in units of by how much 
the transverse center of momentum of quarks of flavor q is shifted away from the 
origin in the 'transversely polarized' state \X). Of course, when summed over all 
partons (all quarks and gluons) the transverse center of momentum of the state \X) 
is still at the origin since it is a superposition of eigenstates of Rj^ with eigenvalue 
0_L, i.e. 



J dxxE,{x,0,0) = 0, (40) 



E 

which is nothing but the statement that the total (i.e. all flavors plus glue) anoma- 
lous gravito-magnetic moment has to vanish 0. 



''One may also take this example as a simple illustration as to why the (unpolarizcd) impact 
parameter dependent PDFs are the same for nucleons with A =1 and A =J,. 
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If the center of momentum for quarks of flavor q is shifted away from the origin 
in the y direction then those quarks carry orbital angular momentum in the x direc- 
tion. Starting from this observation, one can obtain a more physical underslanding 
of why the 2'"* moment of E appears in Ji's angular momentum sum rule t3. 

Another important consequence can be derived from the fact that qx{x,h±), 
i.e. the unpolarized impact parameter dependent quark distribution in the state 
\X) has a probabilistic interpretation as well 

qx{x,h±) > for x>0 

qx{x,h±)<0 for x<0. (41) 



This implies the inequality 



qix,hj_) > 



2M 



(42) 



The physics of this result is that although the probability distribution of partons 
in the transverse plane gets distorted when the nucleon is polarized in a transverse 
direction, the resulting probability density needs to remain positive. Since the dis- 
tortion is described by the gradient of £{x,h±), this sets some upper bound on 
the magnitude of V j_£. By considering more general helicity combinations one can 
derive inequalities connecting chirally even and odd parton distributions in impact 
parameter representation Ej, but we will not consider those here since chirally odd 
GPDs are even harder to measure than chirally even ones. 

In order to illustrate the magnitude of the transverse distortion effect, we con- 
sider a simple model 

Eu{x,0,t) = ^KuHu{x,0,t) 

Ed{x,0,t) ^ KdHd{x,0,t), (43) 

where Hu{x, 0, t) = 2Hd{x, 0, t) is taken from Eq. ( pO[ ) and k„ and are determined 
by making the approximation that only u and d quarks contribute to the nuclcon's 
magnetic moment, i.e. 

2 1 _ 
Kp — g'^" 3^^" — 1-793 

2 1 

Kn = ^Kd - -Ku = -1.913 (44) 



— '2ihip ~\~ f^fi — 1.6T3 
Kd = 2k„ + Kp^ -2.033. (45) 

With J^^ dxHd{x, 0,0) = 1 and J^^ dxHu{x, 0, 0) = 2 this ansatz satisfies 
J^-^dxEu{x, 0,0) = Hu and J^^dxEd{x, 0,0) = Hd- The resulting distributions in 
impact parameter space for both unpolarized and 'transversely polarized' protons 
are depicted in Figs. ^ and ^ for u and d quarks respectively. 
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The above Ansatz for Eg{x,0,t) (^), together with our model for the impact 
parameter distribution of quarks in a longitudinally polarized nucleon (pT|), there- 
fore yields for the distributions qx{x,h±) in a 'transversely polarized' nucleon 



uxix,h±_) = 



dxix,hj_) = 



1 



SMa{l-x) Ini 



4:Ma{l-x) Ini 



u{x) 



d{x) 



1 



47ra(l - a:) In i 
1 

47ra(l - x)\n- 



(46) 



where Sx — ±1 for \X) = (| t) ± | i)) [Figs. || and ||]. One can make several 
observations from Figs. || and ^. First of all, the distortion for u and d quarks is 
in opposite directions. In our model this results from the simple fact that Ku and 
Kd have opposite signs. However, since /^^ dx J d'^h^£q{x, b^) = Hq should always 
hold, one expects the fact that u and d quarks get distorted in opposite directions 
for a 'transversely polarized' state to be a more general phenomenon. Physically, 
one can understand the difference in signs by replacing the rigid rotation of the 
sphere in Fig. ^ by the intrinsic orbital angular momentum of the quarks, which 
may be either parallel or anti-parallel to the nucleon spin. 

Secondly, one observes that the sideways distortion for d quarks is about twice 
as strong as for u quarks, even though k„ and have about the same magnitude. 
This is because the undistorted distribution u{x,h±) is twice as large as d{x,h±), 
while |fd(a^,b_L)| ~ |f£;(a;, b^)|, and therefore adding ■^■^£q{x,hj_) results in a 
larger distortion for d quarks than for u quarks. Finally one notes that the resulting 
quark distribution in this state has a transverse (electric) dipole moment 



3 y 



Id^ 



(47) 



where 



dl = J ^dx J d^h^byqx{x,h^) = ^ J ^dx J d^h^£{x,h^) 



^dxEq{x,0,0) ^ 



(48) 



i.e., using Eq. (|45|), one finds a rather large numerical value for the transverse 
electric dipole moment due to this distortion 



= 0.17 e /to. 



(49) 

Of course, one could have also read off the order of magnitude from Figs. U, but in 
contrast to the model results presented in the figures, Eq. ( ^8|) is a model indepen- 
dent result. Furthermore, although the precise numerical value for the transverse 
electric dipole moment (^9|) relies on the approximation Ks 0, a model indepen- 
dent measure of the transverse distortion (relying only on isospin symmetry) is still 
given by dy ~ dy — ~ '^"■im" ~ ^-^^ Z"^- Note also that the opposite signs 
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u{x,h_i) ux{x,h_i_) 




Fig. 3. u quark distribution in the transverse plane for x = 0.1, 0.3, and 0.5 (pl|). Left column: 
«(x,bx), i.e. the u quark distribution for unpolarized protons; right column: ux{x,hj^), i.e. 
the unpolarized u quark distribution for 'transversely polarized' protons \X) = ||) + |J,). The 
distributions are normalized to the central (undistorted) value u{x,0±). 
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d{x^h±) dx{x^h^) 




Fig. 4. Same as Fig. ^, but for d quarks. 

of Ku and K,d imply that the distributions of u and d quarks get distorted in op- 
posite directions (Figs. ||, ||) and therefore they contribute with the same sign (i.e. 
coherently) to the transverse electric dipole moment. This transverse electric dipole 
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moment is perpendicular to both the momentum of the nucleon (along z-axis) as 
well as the polarization (in x-direction) and an electric dipole moment pointing in 
a direction determined by 

fl"'- - 5 X F, (50) 

is thus consistent with both parity and time reversal invariance. In fact, one can 
serve certain similarities with the geometry that arises in single spin assymetries 



3.1. Implications for Transverse Hyperon Polarization 

The transverse distortion of impact parameter dependent PDFs for states with 
transverse polarization should have many interesting implications for the produc- 
tion of hadrons with transverse polarization as one can see from the the reactions 
P + P — >Y + X OT P + P — >Y + X with r e {A, S, S} at high energies. We will 
use plausibility arguments to motivate a rather simple general reaction mechanism 
and explain the implications for the transverse polarization of produced hyperons. 

First we will assume that most hyperons are not produced in central collisions, 
but instead in more peripheral interactions because at high energy a central collision 
will most likely yield only an unpolarized background. Secondly, we will assume that 
the hyperon will be deflected in the direction where the initial proton overlaps with 
the anti-proton because most reaction mechanisms between p and p will give rise 
to a strong attraction. Finally, we will assume that the ss pair is produced in that 
overlap region and that the produced s quarks form the final state hyperon together 
with the 'rest' of the initial proton. 

These very simple assumptions, together with the transverse distortion of the 
strange quark cloud in a transversely polarized hyperon will favor hyperons with 
a specific transverse polarization: Consider first the case where the hyperon has 
been deflected to the left (Fig. ^), where we look in the direction of the outgoing 
hyperon. Based on our model assumptions above, the s quark has been produced 
on the left side of the hyperon, which we assume has a positive strange anomalous 
magnetic moment kJ (the case < yields the opposite effect). If the final state 
hyperon is polarized 'up' (w.r.t. the reaction plane) then the s quark distribution 
in the hyperon is distorted to the right, i.e. away from the reaction zone, while it 
is distorted to the left (towards the reaction zone) if the polarization is down (Fig. 

. Clearly the second possibility yields a better overlap between the intermediate 
state and the final state and we would therefore expect a polarization 'down' in 
this case. The polarization is reversed when the hyperon is deflected to the right 
(because then the reaction zone is on its right side) and it is also reversed when the 
sign of kJ is reversed. These simple considerations lead to the prediction that the 
polarization direction in this reaction is determined by 



Py ~ ~k^Pp X py- 



(51) 
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Fig. 5. P + P{P) > Y + Y where the incoming P (from bottom) is deflected to the left during 

the reaction. The ss pair is assumed to be produced roughly in the overlap region, i.e. on the left 
'side' of the Y. 




Fig. 6. Schematic view of the transverse distortion of the s quark distribution (in grayscale) in 
the transverse plane for a transversely polarized hyperon with > 0. The view is (from the rest 
frame) into the direction of motion (i.e. momentum into plane) for a hyperon that moves with a 
large momentum. In the case of spin down (a), the s-quarks get distorted towards the left, while 
the distortion is to the right for the case of spin up (b). 



Before we can compare this remarkably simple prediction to experimental data, we 
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need to determine kJ for various hyperons. Using SU{3) flavor symmetry, one finds 

k^ = kP + kP^ 1.79 + 

= kP + 2k" + < = -2.03 + < 

= 2Kf + + = 1.67 + kP. (52) 
Although the exact value for the strange magnetic moment of the nucleon is not 



known, it is unlikely to be on the same order as or k", i.e. Eq. (52) tells us that 
the strange anomalous magnetic moment of the A and the S hyperon is positive, 
while it is negative for the E, yielding for the polarizations 

-Pa ^ -pp X py 
Pt. ^ +PP X Py 

A ^ -pp X PY (53) 

which agrees with the experimentally observed pattern of polarizations (P w.r.t. 

PP X Py) 

< Pso « Pe- ~ Ps+ « -^^A ~ -Peo « -Pe- (54) 

in hyperon production reactions.[| 

Although we illustrated the effect here in the example of P + P(P) — > Y + X, 
it should be clear that the effect should also apply to many other hyperon (as well 
as other hadron) production reactions, but a complete discussion of this subject 
would go beyond the scope of this section which should serve only as a simple 
illustration of the striking consequences that the transverse distortion of the parton 
distribution in transversely polarized may have. 

4. Polarized Impact Parameter Dependent Parton Distributions 

For a longitudinally polarized nucleon, i.e. when A = A', the distribution of unpo- 
larized quarks is of course independent of A, i.e. 

q{x, hi) = = 0, A| d,(x, bi) = 0, A) , (55) 

regardless of A (this follows from PT invariance). In this section we are more in- 
terested in impact parameter dependent polarized quark distributions, which we 
define as 

Aqix, bi) = {p+, Ri = 0, T| 05(2;, bi) Rx = 0, T) , , (56) 

where 

d,{x,h^)^ j ('_^,b^) 7+759 (^,bi)e"^'"--. (57) 



'For a recent discussion of polarization in such reactions, see Ref. Q and references therein 
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An equivalent definition with ^ — ~\ would involve a minus sign on the r.h.s. of 
Eq. (^6|). The physical significance of Ag(x,bj^) becomes apparent after we repeat 
the same steps as in Eqs. ( p"5[]l6| ), which yields after some straightforward algebra 

Ag(x,b^) = j ^H(a:,-Al)e-'^^--^\ (58) 

i.e. by Fourier transform one can relate the impact parameter dependent polarized 
quark distribution Aq(x,bj_) to the polarized GPD H{x, — A^). 

The impact parameter dependent polarized quark distribution also satisfies 

J d^h±Aqix,h±) = Aqix), (59) 

as one might have expected. The probabilistic interpretation of polarized impact 
parameter dependent quark distributions is rather similar to the one of regular 
polarized quark distribution: For this purpose, let us first define impact parameter 
dependent parton distribution for parallel and anti-parallel helicities (x > 0), 

q^{x,h^) = (p+,Ri = 0,^\d^ix,h^) |p+,Ri = 0,t) , (60) 

q^{x, hi) = - 0, T| 6i(a;, hi) = 0, t) , (61) 

with O-^i {x, h±) = 0{x, h±) ±05(0:, bj^). They provide a decomposition of the un- 
polarized and polarized impact parameter dependent PDF into helicity components, 
i.e. 

q{x,h±) = qi{x,h±) + qi{x,h±) for a; > 

Aq{x,h±_) ^ q^{x,h^) - qi{x,h±_) (62) 

and satisfy 

y (fh_i_q^{x,hj_) = q^{x) 

J d%^q^{x,h^) = q^ix) (63) 

Furthermore, like their forward counterparts, they each have a probabilistic inter- 
pretation, i.e. q'\{x,h±) > and qi{x,h±) > 0, which can also be expressed in the 
form 

\q{x,h^)\>\Aq{x,h^)\. (64) 

Very similar relations can be obtained for antiquarks, where one can define {x < 0) 

q{x,h±) = -q{-x,h±_) 

Aq{x,h^) = Aq{-x,h^) (65) 

which can also be expressed in terms of (positive) helicity dependent anti-quark 
distributions qiji{x,h±) 

q{x,h±) = q^{x,h±) + qi{x,h±) 
Ag(x,b^) = gi(a;,b^) - gx(a;,bj.). (66) 
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5. Polarized distributions with nucleon helicity flip 

In Sec. ^ we elucidated the physics of the GPD Eg by considering the (unpolar- 
ized) quark distribution qx{x, bj^) in a target with _L polarization, and found that 
qx{x,h^) — q{x,h_\_) — 217 af~'^<?(2^; bj^), i.e. the unpolarized quark distribution 
gets distorted when the polarization is not in the longitudinal direction. Naively 
one would expect that something similar happens for polarized parton distributions 
in the transverse plane. However, as one can read off from Eq. (^), there is no con- 
tribution to the transition amplitude from Eg when A+ = 0. As a result, one finds 
that 

Oz^gix, bi) p+, = 0^, A'\ = 5xx'^q{x, bi), (67) 



without any contribution from Eq. The physical interpretation of Eq must therefore 
be very different from the interpretation of Eq. In particular, one should not expect 
a simple probabilistic interpretation. 

When the nucleon is not in a helicity eigenstate but rather a superposition of 
helicity eigenstates, e.g. 

|p+,Ri = O_L,0) = cos(?!)|p+,Ri = 0_L,T) +sin</>|p+,Ri = 0^,1) (68) 

such that the mean helicity in h — cos 2(f) and the mean transverse spin is Sx — 
sin2(/), then the polarized quark distribution lS.q^{x i_) in the transverse plane for 
such a state is obtained as a simple rescalation from the helicity eigenstates, i.e. 

Aq^(x, hi) = Ri = Oi, 0| 05(x, bx) R± = Oi, 0) - hl\q{x, bi). (69) 

This is in contrast to the result for unpolarized quark distributions in the same 
state 

S d 

q^{x, h±_) = q{x, b^) - -^gf^^qi^^ (70) 

One can use these results to derive further positivity constraints. For this purpose, 
consider the distribution of quarks (x > 0) 

q^^^{x,h±) = (p+,R± = 0_L,(/'| 6t(a;,b_L) |p+,Rj_ = 0^,0) 

= g0(x,b^) + Ag0(a;,b_L) (71) 

with positive helicity in a state with such a mixed helicity. Combining Eq. (|7^) with 
( |69| ) one thus obtains 

Sx d_ 

by 

Following arguments very similar to the ones in Section H, one can easily convince 
oneself that q^^^{x,hi^) should be positive (for x > 0). Since this should hold for 
arbitrary 0, one easily obtains 



gi,0(x,b^) = q{x,hi_) - ^^'^9(^'bi) + /iAg(a;,b±). (72) 



|g(x,b^)|^> |Ag(x,b^)|2 



(73) 
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which is stronger than Eqs. (^) and Note that Eq. can also be expressed 
in the form 

^\q^{x,h^)q^{x,h^)\>^^\V^^E,{x,h^)\. (74) 

Using the known asymptotic behavior of q^^ and qi near x —* 1 0, one can use the 
latter inequality to place an upper bound on the asymptotic behavior of Vbj^fq ~ 

(1-X)4. 

6. Nonzero Skewedness 

Deeply virtual Compton scattering experiments always nrobe ^ 7^ 0. Even though 
polynomiality conditions on the possible ^-dependence □ should facilitate the ex- 
trapolation of GPDs extracted from DVCS experiments to ^ = 0, it would never- 
theless be very desirable to develop a better physical understanding of GPDs at 
^ 7^ 0. In order to better appreciate the difficulties in developing such an inter- 
pretation, let us start out by summarizing the problem from an abstract point of 
view. In general, GPDs have the physical interpretation of a transition amplitude. 
A necessary condition for a density interpretation is that the initial and final state 
are the same. This is the case for the usual PDFs but it is not for GPDs, since 
the latter are distinguished from PDFs due to the fact that p' ^ p. In the case 
^ = 0, i.e. when A+ = p"*"' — p+, a Fourier transform of GPDs w.r.t. A_l = p'^ — 
diagonalizes the transition amplitude and one can have a density interpretation. 

In the case 7^ 0, a Fourier transform w.r.t. Aj^ is obviously not enough to 
render the initial and final state the same, because even after Fourier transforming 
transverse momenta, the longitudinal momenta are still sharp — and different in 
the initial and final states. One might be tempted to try using yet another Fourier 
transform w.r.t. the longitudinal momentum of the target, in order to completely 
diagonalize GPDs. However, this cannot make sense because the x-variable in GPDs 
already measures the longitudinal momentum of the active quark and Heisenberg's 
uncertainly relations therefore prohibit the simultaneous measurement of the lon- 
gitudinal position of the active quark. Even if one would be willing to give up on a 
precise measurement of x, the limitations due to the Heisenberg inequality would 
severely restrict the longitudinal position space interpretation of GPDs. One can 
get a rough estimate for the quantitative limitations of the resulting resolution by 
reminding oneself that the Compton wavelength of a proton is about 1/3 the size of 
the proton. Therefore even if one measures the momentum of a parton only with an 
accuracy that is about 1/3 of the nuclcons momentum, the resulting position space 
uncertainty would be of about the same scale as the size of the proton. Therefore, 
even though one can formally proceed and develop a semiclassical mathematical for- 
malism to extract a parton distribution in 3-dimcnsional position space q{x,b^ , bj_) 
from GPDs, the limitations due to the uncertainty principle would render this kind 
of distribution meaningless for a proton target. 
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In Refs. EHIj a mixed representation (longitudinal momentum/transverse posi- 
tion) was used to simplify the physical interpretation of GPDs with ^ = as a 
density. Even though we argued above that such a basis does not lead to a prob- 
abilistic interpretation for ^ ^ 0, it may nevertheless be useful in simplifying the 
physical interpretation of GPDs with ^ ^ 0, since such a basis may at least partially 
diagonalize the degrees of freedom. 

For this purpose, let us consider a basis of transversely localized basis statesB 
that are translated away from the origin 

\p+, = hi, A) = A^y" d^p^e-'P^'"^ \p+, Pi, A) . (75) 

In a recent paper, Diehl pointed out that the Fourier transform of Hq{x, ^, — A"^) 
can be related in a simple manner to matrix elements of the light-cone correlator 
between such basis statesi 

^e-°-^-i?,(:.,e,Ai)= (76) 

where 0^(1 — = A^. Switching to an impact parameter representation yields a 
transition amplitude that is still off diagonal in which is not a surprise. However, 
on top of that Eq. (|76| ) is also off-diagonal in the impact parameter coordinate, 
which may be surprising at first since the transition amplitude in Eq. (^) neither 
changes the transverse position of the spectators (which is trivial) nor does it change 
the transverse position of the active quark (since Oq{x^ bj^) is diagonal in transverse 
position). Nevertheless, the transverse center of momentum changes because the 
p+ momentum of the active quark changes. As a result, the transverse center of 
momentum changes and therefore the distance of the active quark to the transverse 
center of momentum changes. In a sense the situation is comparable to the situation 
of a decay in a nonrelativistic system when the mass of the active quark changes 
and therefore the position of the center of mass changes, even if the positions of 
the individual partons remain the same in the transition process. 

However, since the position of the transverse center of mass of the spectators 
does not change in the transition, it may be useful to switch to a basis, where the 
transverse position of the active quark is measured w.r.t. the center of momentum 
of the spectators, rather than the center of momentum of the whole hadron, because 
the transition amplitude would be diagonal in that basis. Of course, it would still 
be off-diagonal in the momentum. 



7. Summary 

Generalized parton distributions provide a light-cone momentum decomposition for 
form factors in the sense that they tell us how much quarks with a given momentum 
fraction x contribute to the form factor. 
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We considered a (proton) state with a sharp momentum, which is locahzed in 
the _L direction in the sense that its transverse center of momentum = ^ ^ Xir±^i 
is at the origin. Such a definition makes sense because there is a Gahlean subgroup 
of transverse boosts in the infinite momentum frame 13 and as a result one can 
separate the overall _L momentum from the internal dynamics. This is reminiscent 
of nonrelativistic dynamics, where one can work in the center of mass frame and 
where localizing the state by means of a wave packet corresponds to working in a 
frame where the center of mass is at the origin. 

For such a state, we defined the notion of impact parameter dependent parton 
distribution functions q{x, b±), where b_L is measured relative to the transverse cen- 
ter of momentum . The significance of these impact parameter dependent PDFs 
g(a:,b_L) is that they are the Fourier transform of the ^ = GPD Hq{x,0, ~A.\). 
Moreover, q{x,h±) satisfies a positivity constraint for x > and a negativity con- 
straint for a; < 0, i.e. one can interpret q(x,h±) as a density. ^ This aspect is very 
important because the probabilistic interpretation underscores the fact that impact 
parameter dependent PDFs have a physical significance — above and beyond being 
the Fourier transforms of GPDs w.r.t. A_l. 

Conventional parton distributions contain no information about the spatial dis- 
tribution of partons. If one knows GPDs for ^ = one can simultaneously determine 
(by Fourier transform w.r.t. Aj^) the longitudinal momentum and transverse po- 
sition of partons in the target.^ This is completely new information and should 
provide us with new insights about the internal structure of hadrons. For example, 
knowledge of GPDs allows to answer questions like 'how the spatial distribution of 
partons in the nuclcons varies with x' or 'what is the parton distribution at a given 
distance from the center of momentum'. 

One of the remarkable results is that there arc no relativistic corrections to this 
interpretation. Formally, this is due to the Galilean subgroup of transverse boosts 
in the infinite momentum frame. The only limitation in transverse resolution is 
due to the scale ^ with which one probes the target. The fact that there are no 
relativistic corrections to the transverse position space interpretation of GPDs in 
the IMF implies as a corollary that an interpretation of the Fourier transform of 
form factors as transverse position space distributions in the IMF either. 

Hq{x,0,~A'^) and Hq{x,0, —A^) have the most simple physical interpreta- 
tion as Fourier transforms of unpolarized and polarized impact parameter depen- 
dent PDFs respectively for longitudinally polarized nucleons. When the target 
is polarized in the transverse direction, even the unpolarized quark distribution 
changes. The resulting distortion of the distribution of quarks in the transverse 



™Of course, we have only shown that this probabilistic interpretation holds in the infinite mo- 
mentum frame (and with light cone gauge), but this is no real drawback since that is anyways the 
only frame where even forward PDFs have a probabilistic interpretation. 

'^This result is not in contradiction with Heisenberg's uncertainty principle since the information 
extracted from GPDs is only a simultaneous determination of different components of momentum 
and position of partons. 
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plane is described by the Fourier transform of the nucleon heHcity flip distribution 
Eg{x,0,—A^). The magnitude of the resulting transverse flavor dipole moment can 

be related to the anomalous magnetic moment for that flavor in a model indepen- 
dent way. For Eq{x, 0, — A^^) we were unable to find a simple density interpretation, 
since it does not contribute to matrix elements with purely transverse momentum 
transfer. 

The transverse distortion of the impact parameter dependent PDFs for trans- 
versely polarized targets should have important consequences for reactions involv- 
ing quark production in peripheral scattering as we illustrated in the context of 
transverse polarization of hyperons. 
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Appendix A. Galilean Subgroup of Transverse Boosts 

Boost transformations in nonrelativistic quantum mechanics (NRQM) 

x' = X + vt 

t' = t (A.l) 

are purely kinematic because they leave the quantization surface i = invariant. 
This property has many important consequences. For example, wavefunctions for a 
many body system in the rest frame and in a boosted frame are related by a simple 
shift of (momentum) variables, e.g. 

^'tT(Pi,P2,P3) = *o(^i ~ rniv,p2 - m2V,p3 - msv). (A. 2) 

Furthermore, if the Hamiltonian is translationally invariant, the dynamics of the 
center of mass 

R = ^Xiri, (A.3) 

i 

with Xi = rrii/M and M = Y^- m,i, separates from the intrinsic variables, making it 
possible to work in the center of mass frame. 

One of the features that normally complicates the description of relativistic 
bound states is that equal time hyperplanes are not invariant under relativistic 
boosts 

x'j_ = 

z' = J {z + vt) 

r. 2 

with 7~ = 1 — As a result, boosts arc in general a dynamical operation, 
the generator of boost transformations contains interactions and there exists no 
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simple generalization ol Eq. (A. 2) to a relativistic system quantized at equal times. 
Furthermore, the notion of the center of mass has no useful generalization in such 
an equal time quantized relativistic framework. 

One of the main advantages of the light-cone (or infinite momentum) framework 
arise because there is a subgroup of kinematical boosts among the generators of the 
Poincare group 0. To see this let us start from the usual Poincare algebra 

[P'^,P"]=0 (A.5) 

[M'"', MP^] = i {gP^M^P + g^PMP^ - gPPA^^ - g^'^MPP) (A.6) 

where the generators of rotations and boosts are respectively My = e-ijkJk and 
Mm = K,. 

We now introduce transverse 'boost' operators" 

5x = ^ {K^ + Jy) 

By^^ {Ky - J.) (A.7) 



^From the Poincare algebra (A.5), it follows that these satisfy commutation rela- 
tions 

[J3,Bk] = iSkiBi 
[Pk,Bi] = -iSkiP^ 
[p-,Pfc] ^-iPk 

[P+,Pfc]=0 (A.8) 

with fc,Z G {a;,y}, Exy = ~^yx — Ij and e^x — £yy = 0. ^ Together with the well 
known commutation relations 

[J^,Pk]^iekiPi (A.9) 
[p-,Pfc] = [p-,p+] = [P-, J.] =0 

[P+, Pfc] = [P+, Pfc] = [P+, Jz] = (A.IO) 

these are the same commutation relations as the commutation relations among the 
generators of the Galilei transformations for NRQM in the plane, provided we make 
the identifications 

P" — > Hamiltonian (A. 11) 

Pj^ — > momentum in the plane 
P^ — > mass 



"Strictly speaking the physical meaning of these operators is a combination of boosts and rotations. 
PUsing these commutation relations, one easily verifies that e^'^^ '^^Pxe = Px + f^v^, 

which justifies the identification of Bx as a transverse boost operator. 
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Lz — > rotations around z-axis 

— > generator of boosts in the plane. 

Because of this isomorphism between transverse boosts in the infinite momentum 
frame and boosts in the context of NRQM in the plane, many familiar results from 
NRQM can be directly carried over to relativistic systems in the infinite momentum 
frame. 

In order to construct a localized nucleon state, we start from so called infinite 
momentum frame helicity states cB |p+ , , A) . They are defined by making use of 
a Wigner construction, where one starts from a massive particle at rest with spin 
projection A along the z axis and applies an appropriate boost 

\p+,p±,X) = e-'^^-^^ \p+, Oi, A) = e— ^-B^e-'-^ \m/V2, 0^, a) , (A.12) 

where px = p^v^ and e'^ = \f2p^ jM. These states are of well defined for any 
momentum -p^ . However, they are most useful to describe particles that move with 
high velocity in the z direction because, when viewed from the infinite momentum 
frame these 'light-cone helicity' states alsQ_become eigenstates of the ordinary he- 
licity operator. For details wexefer to Ref. 113. For our purposes the most important 
properties of these states are IIj 

g-#J. |p+,pi,p2^A) = e"'"^^ |p+,p^cos(/>-p2sin(/),p2cos(/)-Hp^sin(/),A()A.13) 
g-.v,.B, |p+,P±,A) = |p+,pi +P+Vi,A) . (A.14) 

^From these properties it is straightforward to show that these states satisfy 

= 0, A) = A^y" Pi, A) (A.15) 

are a simultaneous eigenstate of the longitudinal (light-cone) momentum P+ = 
po _j_ p3^ -j-j^g ^otal angular momentum in the z direction J^, and the transverse 
position operator Rj^ = — ^B^, i.e. 

P+ Ri = 0, A) = p+ Rj. = 0, A) 
R± |p+,R± = 0, A) = 

Ri = 0, A) = A R± = 0, A) . (A.16) 

In nonrelativistic quantum mechanics, boost transformations shift the momen- 
tum of the z*'* particle by the amount 

Pi^Pi + Avm^, (A. 17) 

i.e. the generator of boosts is, up to the overall mass of the system, given by the 
center of mass operator B = ~ rriifi — —MRcm- 

In the infinite momentum frame, b^, the generator of _L boosts, has the physical 
meaning of the _L center of momentum times the total momentum p~^ of the system. 
There are several ways to see this result, which are all worth mentioning since this 
illustrates the physics of the _L center of momentum. First this should by obvious 
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due to the isomorphism between boosts in nonrelativistic quantum mechanics and 
_L boosts in the IMF provided pne identifies the nonrelativistic masses rrii with the 
longitudinal momenta kf ^ i.e. £3 

Ri = --^B,. (A.18) 

Another way to arrive at the same conclusion is to notice that 0++, where is 
the energy momentum tensor, has the physical meaning of a light-cone momentum 
density. The field theoretic way of constructing the _L center of momentum is to 
weigh the _L position variable with the momentum density 0^^, yielding 

R± = y" dx-d'xi_Q++x^ = --^Bi, (A.19) 

which agrees with the result obtained by analogy with nonrelativistic quantum me- 
chanics. Furthermore it shows how the transverse center of momentum operator is 
related to the generators of the Poincare' group which are of course renormalization 
group invariant. 

The intuitive parton representation for in LF gauge is obtained by expressing 



0++ in Eq. (A.19) in terms of light-cone creation and annihilation operators and 
noticing that, after integrating over a;~, only terms that are diagonal in Fock space 
contribute, yielding 

R±-^^^f^=E^«^^.- (A.20) 

total i 



Again, this result should not be surprising, since the longitudinal momentum frac- 
tions Xi = I P^gig^i play a very similar role as the mass fractions /Mtotai in 
NRQM. 

The reason that R_l plays the role of a reference point for impact parameter 
dependent parton distributions can again be understood by simple analogy with 
nonrelativistic quantum mechanics. We defined q{x,hi^ starting from the state 

|p+,Ri =0^,A) =AA I d^p^\p+,p^,X). (A.21) 

^From the commutation relations it is clear that is canonically conjugate to p_L 
and therefore this state satisfies 

bib+,Ri = Oi,A) =0, (A.22) 

just like f J cPp\p) = in NRQM. One can sec this also directly by noticing that 111 

'^-■B- \p+,p±,X) = \p+,p±+p+^±,X) (A.23) 



e 
i.e. 



B 



J d?pi_ |p+,p_L,A)= j (fpx_ |p+,p_L +p+v^,A) 

= j dV|p+,P±,A) (A.24) 
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and therefore Bj^ J (Pp± |p+,px,A) = 0. 

Because of Eqs. ( |A.19 ) and ( A.22| ) it is justified to say that bj_ in q{x,h±) is 
measured w.r.t. the transverse center of momentum R i . 



Appendix B. Overlap Integrals of Light-Cone Wave Functions 

The simple boost properties of LF wave functions have also bee used to construct 
convenient expression for GPDs in terms of overlap integrals l3. The Galilean in- 
variance implies that LF wavefunctions in a frame with Aj^ ^ can be obtained 
from those in the Aj^ = frame by means of a simple shift of variables 

pT — 'Pi = Pi 

P_L,i > V'±A = Pi,« + ^i^^- (B.l) 

For example, for the N-particlc Fock space amplitude ^'p^ for a state with overall 
momentum P^, one finds 

^fp^ (xi,kj__i,a;2,k_L,2, ■■■,xn ,'k±,N) = (a;i,kj_,i - a;iPj_, 2:2, ki,2 - 2^2?^, •■•) 

x<5 |^P±-^kx,»^ . (B.2) 

Note that the momentum fractions Xi = ^ carried by the i*'^ parton play a 

similar role here as the mass fractions in the corresponding nonrelativistic boost 
formula. 

Using this very simple boost property one can express typical overlap integrals 
that appear within the context of form factors and GPDs in terms of overlap in- 



tegrals involving internal momenta only (B.3). For purely transverse momentum 
transfers = 0) these overlap integrals take on_a particularly simple form in terms 
of LC wave functions (Fock space amplitudes)E3 is!{x,'k±) 

Hq{x, -Ai) = YlYl / ['^■^]jv/ [d^^i]J{x - a;j)^';,(a;,, k'_L^ A,)«'jv(a;^, k_L,^, A,) 

(B.3) 

where k^ ^ = k_L^i — Xi^±_ for i ^ j and k'j_ ^ = kj^j- + (1 — a;j)Aj_. The helicities 
of the partons are labeled by A^ (In the following we will only consider amplitudes 
that are diagonal in the helicities and we will therefore omit the helicity labels in 
all expressions in order to simplify the notation). 



Note that Eq. ( |B.3| ) is very similar to the expression for the form factor in the 
Drell-Yan frame, except that the x of the 'active' quark is not integrated over, and it 
is exact if one knows the 5* for all Fock components. The overlap integrals in terms 



of momentum space wavefunctions in Eq. (B.3) are very much reminiscent of similar 



expressions for form factors of nonrelativistic systems. In order to explore this 
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analogy further, we consider Fock space amplitudes ^Pp^ in a 'mixed' (longitudinal 
momentum and transverse position space) representation 

^^Jx„ri,) = j [d2kJe^E.--^>=k-^'vI/^J:c,,kx,.)- (B.4) 

The fact that Fock space amplitudes depend only on 'relative' individual momenta 
i = k_L i — XiP_L, implies that the position space wavefunction (Fock space 
amplitude) depends on the overall transverse momentum P_l only through an 
overall phase, i.e. it can be expressed in the form 

^^Ja:„ri,,)- j [d^k^j^e^I^. vl.pja;„ki,,) 



N 



_e»k,.-"-,.'vl,o^(a;„k^,,) 



where 



(B.5) 



(B.I 



is the transverse center of momentum and the are some 'relative' coordinates, 
e.g. 

fi,, = r^,, - Ri. (B.7) 

In order to illustrate the physics consequences of this decoupling of the overall 
transverse momentum for Hq{x,t), let us consider the specific cases N = 2 and 
= 3. In a two particle system 

H,{x,-Al)= y"d2ki^l>,kj. + Aj.)V'o^(x-,kj.), (B.8) 



and using (B.5) 



(B.9) 



■0Aj_(a;,ki + Aj 



where Af is some normalization constant such that N"^ J cfll± — 1, one straight- 
forwardly finds 

2 



(B.IO) 



Eq. ( B.lOp makes it clear that 7Jq(a;,— A^) is the Fourier transform of a density. 
Furthermore, one can easily read off that the relevant transverse position scale is 
not set by the separation = r^^ — r±^2 between the quark and the antiquark 



'i'We may consider each Fock component separately since Hq{x,t) is diagonal in Fock space! 
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but by the separation of the active quark from the transverse center of momentum 
(B.6), which in the center of momentum frame coincides with the impact parameter 
of the active quark 



b±.i = r^.i - Rj 



(B.ll) 



Starting from the hght-cone wave functions, we have thus verified the interpretation 
of the generahzed parton distribution Hq{x, — A^) as the Fourier transform of the 
probabihty distribution for the active quark with respect to its impact parameter 
in the case of a two particle system. 

For a three particle system, we start from 

Hq{x, -A^) = J(fk±^i J(fk±^2 Jdy'4!*^^{x,kj_^i+A±,y,k±^2)iJoA^,'i<±s,y,'k±^2), 

(B.12) 



(B.13) 



and use ( |B.5D 

'4jo^{x,'k±^i,y,'k±^2) = 

J\fJd^r±jd^r±^2d^r±^3e-'^^''^''^'^-''^-''h-'^^-'^'' 
V'Aj_(a;,k^.i+A^,?;, kj_,2) = 

x-0(a;,fx,i,y,f±,2), 



where Af is again some normalization constant. Upon inserting (B.13) into (B.12), 
one finds after some straightforward algebra 



V'(a;,fi,i,2;,f±,2) 



(B.14) 



i.e. again we confirm the physical interpretation of iJg(.T, 0, — A^) as the Fourier 
transform of a density. 

The generalization of this light-cone wave function based derivation of our gen- 
eral result to arbitrary numbers of partons is straightforward and is left as an 
exercise for the reader. 
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